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A Simple Version of the Lucas Model
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Abstract
This discrete-time version of the Lucas model dot not include the physical cap-
ital. We intregrate in the utility function the leisure time. We examine the social
planer and the competitive equilibrium. The main conclusions are that the consumer
always chooses to train, the human capital growth rate increases with the externality
and the quality of training, and that the equilibrium defined by Lucas (1988) is a
competitive equilibrium under some conditions.

1. Introduction

This model is a discrete-time version of the model of Lucas without physical capital.
The consumer devotes the fraction # of his non-leisure time to current production and the
remaining (1—#) to human capital accumulation. We consider that the utility of consumer
increases with his leisure time. This assumption implies that the utility increases with the
human capital accumulation that is with the training. Following Lucas (1988), the human
capital has : 1- an external effect through the externality. 2- an internal effect which
increases the productivity through the medium of training.

This paper is organized into seven sections. Section 2 introduces assumptions and ex-
amines the social planer problem. After defining the equilibrium (according to Lucas and
Romer) and competitive equilibrium, section 3 shows that an equilibrium is a competitive
equilibrium. The following sections conclude and give some proofs.

2. Social Planer
The utility function is concave (0 < p < land 0 < ( < 1):

+o0
max Zﬁtcf(l —6,)°
t=0

Subject to,
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Vit Z O, 0 S Ct S hg(@tht)a
hir = h(1 4+ Ap(1 — 6;))
O0<a<l,v>0,0<6,<1, hg >0 given

We make the following assumptions :

H1: ¢isconcave, increasing and twice continuously differentiable. ¢(0) = 0, ¢(1) = 1,
A > 0and ¢'(0) > 1.

H2: 0<B(1+ N\ <1,

The parameter A balanced the technology of training. Let us define the function v :
1,1+ A —[0,1] by ¢(z) =1 — ¢! (+(z — 1)). Where ¢! denotes the inverse func-
tion of ¢. 9 is clearly decreasing. It is easy to verify that : ¢)(1) = 1 and ¢(1 + \) = 0.
This function gives the working time when the human capital grows by factor x. ¢ is
continuously differentiable, decreasing, with ¢'(1) = —v7-, ¢/(1 + \) = —ﬁ and

A¢'(0) )
concave.

The problem becomes :

— t 1 (a+y)p hiya o hit1 ¢
max g () (1= uh)
—0 t t

Subject to :
YVt >0, hy < hyyr < hy(1 4 X) and hg > 0 given.
Proposition 1 Under HI-H2, there exists a solution.

Proof. See the appendix 1.

Proposition 2 Each optimal path of human capital h = (ho, hy, ..., hy, ...) verifies hy <
hl <"'<ht<"'-

Proof. See the appendix 2.
Proposition 3 Under assumptions HI,H2 and H3 : (o +y)p—1 <0

(@) The optimal path of human capital has a constant growth rate, strictly positive and
which increases with parameter .

(b) The optimal path of human capital is an increasing function of \.

Proof. We prove (a) in several stages.
1. Let V be the Value Function of our problem of optimal growth :

= (a+7) B heer \©
Vi) = max e (w5 ) (1w
=0 t t

Under the constraints : ¥Vt > 0, h; < hyg < hy(1 + N), and hg > 0 given.
This value function satisfied (see Le Van & Morhaim 2002) :
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V(ho) = Any* 7"

Let us consider hg, the optimal value h; of the human capital at date 1 is the solution of
the following equation :

ST max, e tho (14 A ko] {(¢(f—o))au <1 — ¢(;§/_O))C + BA <%>(a+7)#}

We can see that h] = vh where v is the solution of the equation :
max { ((2))*(1 — 1(2))S + ﬁA( )z(@Tk Y Since the problem is stationary, if {h;} is
the optimal path, then : h; = v'hg, Vt.

2. We know that the human capital path verifies hy;; > hy, Vt > 0. The Euler
equation is given by :

P (e w (e g (1 - p(42)) — (ot
— —Bla+ bl () (w(ge)) (1 - v

ht41 hit1 hiy1
+ 1h h h h h
ARG e (2w (2) [ (1 - (2) ) - Cu(2)]

With \Il(hz—tl> _ <¢(h;;:1>>o‘“_1 (1 B 1/)(%—11))4_1

This equation gives the human capital growth rate that is constant () :

_ v ( o 6V(a+’y)u) _ g(a + 7) (at+y)u—1 w + BV a+y)p

ap 1=¢(v)
Let F(v) = OCCMI%()V) ( — ﬂy(aﬂ)u) with G(v) = —g(a + ,y),/(aw)u% 1 Buletn,
Functions F' and G are decreasirllg since :
Fi(w) = (1= falm) £ty — MG tgsalet <0, G'(e) = ~R(a+

)z (et n=2 [f/((x)) (((a + ) —1) — ((’;) > +a(L- ,u)} < 0. Moreover, F(14+)) =

0, lim, 1 F'(z) = +o0, G(1) = O‘Tﬂ)\qﬁ’( )and G(1+ \) = B(1 + \)@+* < 1 ac-
cording to H2. Hence, there exists a unique solution v €|1,1 + A[.
3. We know that the value function verifies the Bellman equation :

V(h) = he max,ep 14 { (0 (1)) (1 = ()¢ + BA(y)vletr)
The derivate of function (¢(v))**(1 — 1 (v))¢ + BA(y)v @ * is cancelled :

—ap ()W) + ¢ () () (1 = ()
= BAM) (o + y)prretvt

When 7 increases, the graph of the function 3A(7)(a + ) ur*@+4=1 moves to the top
while the left-hand side remains constant. Consequently, the growth rate increases with
the parameter of the externality. This ends the proof of the claim (a).

4. Let us rewrite the Euler equation : 1 = F)\(z) + G(z). Note that A < X = ¢, <
Yy and —9)), < —),. Hence, I’ and G are increasing with A\. Moreover, F' and G are
decreasing with v, then :

d\ o\ O\ v v



3. Equilibrium and Competitive Equilibrium

We introduce the concepts of equilibrium (according to Lucas and Romer) and com-
petitive equilibrium. Take a human capital path h = (hy, ..., hy, ...) to be given. Given h,
consider the problem :

“+o0o
max Zﬁtu(ctv 01)
Ct
t=0

Under the constraints,

Vt, 0 S Ct S G(/_z)f(@tht)
ht+1 - ht<1 + Aqb(l - 915))
0<6, <1, hg > 0 given

The solution h = (hq, hy, ..., hy, ...) of this model depends on h. In others words, h =
®(h). A equilibrium is a human capital path h* = (ho, ..., b7, ...) such that h* = ®(h*).
In order to define a competitive equilibrium, we need before to define the space of the
prices which supports this equilibrium. Observe that all feasible paths of consumption ¢
verify forall ¢ : 0 < ¢, < h*7 with b, < ho(1 + M), In others words, ¢ belongs to :

(* =<¢c: sup —‘Ct‘ < +00
. t:O,..;‘roo(l + )\)(a+'y)t

Let /< be the set of non negative sequences of />°. The price sequence p; is such as all
consumption paths ¢; verify Z;OS picy < +oo. Likewise, the wage path w; 1s such as
Y oo wihy < 4-00. In order to satisfy these two conditions, we must take the prices space
and the wages space as follows :

+00
{ Z\pt 1+ ) < +oo} 0L = {w D w1+ M) < +oo}
t=0

Let us denote /!, the set of non-negative sequences of ¢'.
We define a competitive equilibrium for the model of Lucas.
A collection of sequences (h*, c*, 8", p*, w*) is a competitive equilibrium if :

1. (c*, 8") is a solution of the consumer program :

+oo
max ZﬁtU/(CC, et)
=0

ct,0t
Under the constraints,

“+o0o +0o0
prct < Zw;f@tht + IT*

=0
vVt >0, 0, = ¢(ht+1) ho > 0 given

2. 6% is a solution of the firm program :



+o0 +oo
II* = max {Zp;(h;y(eth:)a - ijeth;}
t=0 t=0
3. Equilibrium on the goods and services market :
vt >0, ¢; = (hi)"(67hi)”

Proposition 4 h* is a equilibrium from hy > 0 if and only if it verifies the three following
conditions :

1. Interiority : ¥t > 0, hy < hi,; < (1+A)h}, hi="ho >0

2. Euler equation (Vt > 0),

o g (M) () (1)
Sn eyt (o)™ (1w

« hiyo o hiis ¢

+ap b (wGE)) T (1 w(E2))

(a+y)pu— ht hy h; ap—l : ¢

~Oan b GE) (0GED) T (1-0GE)
a hiis hiio hiis ok hito ¢t

06 By 1,; (hﬁ ) (vGE) T (1-vGE) =0

t+1

3. Transversality condition,

% * ap—1 * ¢-1
hm ,6t (a+vy)p— 1w( li;l)(w( ;l—:l)) (1_w(;l_+;))

e (1= 0 (%)) = Coli)] by =0

Proof. See the appendix 3.

Proposition 5 Under the assumptions of proposition 3 and H4 : \ < % — 1, there exists
an equilibrium h* which increases at constant rate v. The equilibrium growth rate h*
is weaker than that of the centralized rate. We can associate with this equilibrium the
stationary sequence 0* = ((v)), a consumption sequence c*, a price system p*, wage
w* such as the collection of sequences (h*,c*, 0% p*, w*) is a competitive equilibrium.

Proof. 1. We know that if h* is an equilibrium then it verifies interiority, the Euler
equation and the transversality condition. In addition, let us show that exists a human
capital sequence that increases at constant rate and satisfies the Euler equation. Indeed,
according to Euler equation, this rate ¥ must satisfy :

1= - 1¢( ()1/) ( _ 6y(a+7)ﬂ) — ﬁy(a-i-’Y)“ 1 d)(l/) + Bv (et = V(l/)
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Let F(v) = 0%11_&1(;()”) (1= prletr) and H(v) = —prletet W; + Brletni We
know that F is decreasing, lim,_,; F'(z) = 400 and that F/(1 + \) = O We show that H

is also decreasing :

H'(v) = —pulotnn-2 [((a +y)pu—1) <$/((l;)) > - Vw((w')zb/)/)( ] < 0. One has V(z) =

F(zx)+ H(x), V'(z) = F'(x) + H'(2), lim,_, V(z) = lim,; F(z) + lim,_; H(z) =
+ooand V(1 4+ X) = F(1+\) + H(1+ )) = B(1 + \) @1 < 1 according to H2.
Consequently, there exists a unique solution v which belongs to |1, 1 + A[. It’s easy to
show that this rate is weaker than the rate of social planer program which is the solution
of the equation : 1 = F(v) + G(v), since G(v) = H(v) — %V(O‘JF“’)“_l%. Let h* be
the trajectory defined by : hg = ho, hi , = vh}, Vt. Obviously, it satisfies the interiority
and Euler equation. We must show than it verifies the transversality condition to conclude
that h* is an equilibirum. Now,

e ()™ (- o) adi

= BRSO ()i ((v) ) (1 — <>>< )
< R () ! () (1 — () A [B(L+ A) @t e]

Where A" = au (1 — (5 P )) CY( t“) Assumption H2 implies :

i a4 P e YT
t t t

This is the transversahty condition.
2. We show that this trajectory is a competitive equilibrium. Let us define the price
path and the wage path, p*, w* by :

pi = B2 = BRI () D (L = w(v)¢

wi = BT @) (L = () an(l = () — )]
Where h} = v'hy.
a) It is easy to see that the sequence 8* defined by 0; = (v), for all ¢, maximizes the
profit of the enterprise according to p* and w*.
b) In order to prove that the consumption path and the working time path (¢}, ;) maxi-
mize the consumer utility, consider :

T T
Ap = Zﬁtu(cf, 07) — Zﬁtu(ct, 6:)
t=0 t=0

Since S°7% B4/ (¢;)cf = S0 wi0rhy + 1% and 3% B4/ (¢ )er < S0 wi;hy 4+ 11*
with 0; = ¥ (hy1/hy), one has :

T * *
Ap > Zﬁt |:(h;«< . ht) (auh:(aJr’y)ul (1 _ ¢(h;;1)) (I)(h;;l ))
. «Q * ¢— *
e ()™ (1 o) )
B

(i — hun) (auh I () ) (1)) ()
—h et ()™ (1 )T w(%))]
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Where @(") = (w(%5e)) ™ (1 - p(tia)) " (w(lee) - Maryr(tan)).

Using the Euler equation, we obtain :

A = AT ()™ (1 ()
e (1= w(t2)) = coE) | (52) = w0 b

By definition of w}.. According to the transversality condition, we conclude that limy_, .o Ap >
0.

¢) The goods market is balanced since for all ¢ : ¢; = (h})?(0;h;)“.

d) To complete this proof, let us show that p* belongs to 8110 and w* belongs to /.. One

has :

—+00
S TP+ )@ < BRI ”Z (1+ )@ < 400

t=0 t=0

According to H2 and with B’ = (¢(v))*#=D(1 — ¢(v))¢. Likewise,

+00 +oo
S w1+ 0 = OIS T [B + Al < o

t=0

According to H4, 1 < v < 1+ X and where C' = (¢(v))** (1 — (v))* Hap(l —
¥(v)) — ((v)]. This ends the proof. A collection of paths (h* c*, 6* p*, w*) is a
competitive equilibrium.

4. Conclusion

This dicrete-time version of the Lucas model solves the social planer program and
shows that an equilibrium for this model is a competitive equilibrium. Moreover, the
model concludes that : 1- when the utility depends on consumption and leisure time, the
consumer always prefers to increase his skill level. 2- the quality of training increases
the human capital growth rate. 3- the externality is related positively to the human capital
growth rate through it contribution to the productivity of all factors of production.

5. Appendix 1

It’s easy to verify that if ¢ = (co, ¢y, ..., ¢, ...) is a feasible path of consumption, then
YV, 0< ¢ < hg‘ﬂ(l + A)(@+9)t This shows that all feasible paths of consumption are
compact for this topology. Assumption H2 ensures that function :

is continuous for the product topology. Existence of the solution rise from these results.
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6. Appendix 2

It’s enough to show that for any initial conditions, hy > 0, the stationary path (hy, ho, ...

is not optimal. Let ¢ > 0 be a sufficiently small number such as 1 + Ap(e) < 1+ A
and a path h = (hg, hy, ..., ht,...) which verify hy = ho(1 + Ap(€)), V& > 1. The
consumption path associated with this human capital path is ¢, = (co_, 1., ..oy Cr,y ---)
thatis : co, = hi" (1 —€)® and ¢;, = hi™7(1 + Ao(€))**7, Vt > 1. Moreover, let
(ho, ho, ..., hg, ...) be a human capital path and c* be a consumption path which satisfy :
¢ = hg‘ﬂ. Compare the utilities generated by these sequences of consumptions, we have

A= Zﬁt (1- h,;j>)<—§ﬁtc:“<1—w<1>><

Since ¥(1) = 1, s0 A, > 0. All optimal paths of human capital are increasing.

7. Appendix 3

We give the proof of the Proposition 4 in several stages.

1. Let h* be an equilibrium. One can show that any equilibrium is increasing, that
is hi ; > hy, Vt > 0 (Proceed as in the previous appendix). Moreover, since the utility
function verifies the Inada condition, the optimal consumptions are strictly positive on
each date. Hence, h;,, < (14 A)h;, for all ¢. This ends the first part of the claim. It is
easy to show that h* verifies the Euler equation (see Le Van & Dana 2003). Let us show
now that the transversality condition is satisfied. Let V},« (hg) be the value function of this
program, one has :

“+oo
Vs (ho) = maXZ Bru(ct, ;)
t=0

Under the constraints (V1),

0 <¢c <G(hf)f(Och)
hiv1 = h(14 Ap(1 - 6,))
0<6, <1, hg > 0 given

One can verify that V},« is concave and differentiable (Beneviste & Scheinkman 1979) and

) ()
) )
FChe I <—*>( Gh)™ (1-wh)

Moreover, since h* is a equilibrium, it must verify 0 < A} < ho(1 + M) for all ¢. Conse-
quently, ¢ < [ho(1 + X)']*™ and

Vi (ho) = aph{ete! (

(i)
(at+v)p—1hy ( (h
ho

—aphy e

0 < Vi (ho) = Z Blu(er, 0;) < by " Z[ﬁ(l + A)(ern)t

t=0

o, ...

)



Like V}..(0) = 0, we have for all ¢ :

h:(aﬂ)u

! * *
1 — B(1+ \)letnn = Vi = Vae (0) 2 Vioe (i) g

Since,

% (v _ R ap h: ¢
Vi () = ap B () (1 - (M)
(a hiiq *o - hiiq ap=l hiiq ¢
_Oéuh +y)p—1 h-: /(ht( +Y)p 1) <¢( }% )) (1_¢( h%: ))
*(a —1h} (o _ ht ap h ¢—-1
+C ht +y)pu—1 h? /(ht( +y)p 1) (w( h?)) (1 i w( h? ))

and h} < ho(1 + \)*. Multiply the two previous equations by 3%, we obtain the transver-
sality condition :

tllgrn ﬁth (a+y)p— 1( t+1 )
[au (1 — ( t“)) <¢
+C }t;lw/( t+1) ( t+1)

ap—1 (1 ¢ t+1 ) -1
(M) - Hn <t+l>)
() =

t

The Euler condition implies :

I

i e (v00F) " (1 vt
[a,u (1 — ¢(ht+1)> C( z+1>} =0

2. We prove the converse now. Let (c*,h*) and (c,h) be two sequences sets with the
same initial condition hy. The last verifies V¢, 0 < ¢; < (h})? (htw(h;—tl» . Show that

Zt o Blulcr,0F) — Zt o B'u(c, ) > 0. Observe that u, (z,y) — (%) and ¢ are
concave functions, hence :

T
* / * * aC * * * 66 * *
Br 2 300 (0 = ) a0, 00) G 0 )+ a5 00) 50 ) )
t=0

(i = ) (w4065, 07) 522 (b i)+ (. 07) 522 (i — has) )|

Where v/ (¢}, 0;) = gf (c;,07) and ub(c;, 0f) = gg (¢}, 0;). By the Euler equation,

Ar 2 AT (u) ™ (1w )T
[one (1= (%)) = CotE)| (P

T

>
¥
N

The transversality condition is written limy_,, .. A7 = 0 since ¢’ < 0.
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